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Extending our previous work [1℄ we present a detailed disussion of auray and pratial ap-
pliations of nite-temperature pseudopotentials for two-omponent Coulomb systems. Dierent
pseudopotentials are disussed: i) the diagonal Kelbg potential, ii) the o-diagonal Kelbg potential
iii) the improved diagonal Kelbg potential, iv) an eetive potential obtained with the Feynman-
Kleinert variational priniple v) the exat quantum pair potential derived from the two-partile
density matrix. For the improved diagonal Kelbg potential a simple temperature dependent t is
derived whih aurately reprodues the exat pair potential in the whole temperature range.
The derived pseudopotentials are then used in path integral Monte Carlo (PIMC) and moleular
dynamis (MD) simulations to obtain thermodynamial properties of strongly oupled hydrogen. It
is demonstrated that lassial MD simulations with spin-dependent interation potentials for the
eletrons allow for an aurate desription of the internal energy of hydrogen in the diult regime
of partial ionization down to the temperatures of about 60 000 K. Finally, we point out an interesting
relation between the quantum potentials and eetive potentials used in density funtional theory.
I. INTRODUCTION
In reent years there is growing interest in the prop-
erties of dense quantum plasmas, partiulary in as-
trophysis, laser plasmas, and ondensed matter, see
Refs. [2, 3, 4, 5, 6, 7℄ for an overview. In partiular, the
thermodynami properties of hot dense plasmas are es-
sential for the desription of plasmas generated by strong
lasers [6℄. Further, among the phenomena of urrent in-
terest are the high-pressure ompressibility of deuterium
[8℄, metallization of hydrogen [9℄ and the hypothetial
plasma phase transition, e.g. [10, 11, 12, 13, 14, 15, 16℄
whih our in situations where both interation and
quantum eets are relevant.
While the ase of strong degeneray and the weak
oupling limit have been extensively studied theoret-
ially, e.g. within the random phase approximation,
plasma properties at intermediate oupling and degen-
eray (when Γ - the ratio of the potential energy to the
mean kineti energy exeeds unity), are a hot topi of
the present researh ativity. For an overview of present
day analytial methods, see e.g. Refs. [2, 3, 5, 14℄. An-
alytial methods typially use a hemial piture where
eletrons, ions and bound states (atoms, moleules et.)
are treated as independent speies, and the hemial om-
position (degree of ionization) is omputed from a mass
ation law (non-ideal Saha equation). However, these
methods are based on perturbation expansions in the
oupling strength and are thus limited to regions of small
oupling parameters, Γ < 1 or rs < 1 (rs is the quantum
oupling parameter, rs = r¯/aB). Furthermore, the mass
ation law beomes inreasingly inaurate in the region
where the eletrons are degenerate (unertainty in the
mass ation onstants). Also, during rapid pressure ion-
ization around the Mott density the distintion between
free and bound partiles is an open problem.
On the other hand, in the last deade, stati proper-
ties (e.g. equation of state) of dense hydrogen in ther-
mal equilibrium have been suessfully investigated with
exat quantum-statistial methods, suh as path inte-
gral Monte Carlo (PIMC) [17, 18, 19, 20℄. This rst
priniple numerial tehnique is well suited for an a-
urate treatment of many-partile orrelation eets in
quantum systems, but unfortunately does not give dy-
namial harateristis of the plasma (with an exep-
tion of those obtained within the linear response the-
ory). The alternative numerial approah for dense par-
tially ionized plasmas (whih does not have the above
shortoming) is a group of methods based upon ab ini-
tio quasi-lassial moleular dynami simulations (MD),
e.g. Refs. [21, 22℄, when a real quantum system is pro-
jeted onto a lassial one where most of quantum ef-
fets are inluded in some eetive interpartile intera-
tion potentials, suh as the ones proposed by Kelbg [25℄,
Deutsh [26℄, Klakow, Toeper and Reinhard [21℄ and
many others, e.g. [27, 28, 29℄. These potentials an be
derived from the two-partile Slater sum using Morita's
method.
However, no rigorous omparison of the auray of
these potentials has been done yet, whih is one of the
aims of this paper. Dierent quantum potentials are
ompared with an exat pair potential obtained from
the two-partile density matrix. Furthermore, we intro-
due pair potentials inluding partile statistis, e.g. de-
sribing interation between eletrons in the singlet and
triplet states, and use them in our MD simulations of
two-omponent hydrogen plasmas.
This paper is organized as follows: In Setion II we
disuss dierent methods to obtain an eetive quantum
pair potential. In the weak oupling limit, this poten-
2tial leads exatly to the o-diagonal Kelbg potential the
properties of whih are being disussed and ompared to
its ommonly used diagonal approximation. We outline
two methods for a diret solution of the o-diagonal two-
body Bloh equation whih are then used in Setion III
for numerial omparison with the Kelbg and improved
Kelbg potentials for rigorous assessment of the auray
of the latter. Further, in Setion IV we present an analy-
sis of the auray of the diagonal and o-diagonal Kelbg
potentials in the PIMC simulations. Setion V desribes
an appliation of the improved Kelbg potentials to las-
sial moleular dynamis simulations of dense hydrogen.
Comparing the results to those of PIMC simulations al-
lows us to onlude that use of the improved Kelbg po-
tential allows to signiantly extend the range of appli-
ability of lassial MD to the region of partial ionization
and to temperatures as low as approximately one third of
the binding energy. Setion VI disusses another eld of
potential appliability of the quantum potentials  den-
sity funtional theory. Finally, Setion VII onludes the
paper.
II. EFFECTIVE QUANTUM PAIR
POTENTIALS
In this setion we disuss dierent possibilities to ob-
tain eetive quantum potentials desribing interations
in the two-partile problem.
A. Analytial solution of two-body Bloh equation.
O-diagonal and diagonal Kelbg potential
The equilibrium pair density matrix at a given in-
verse temperature β = 1/kBT is the solution of the two-
partile Bloh equation
∂
∂β
ρ(ri, rj , r
′
i, r
′
j ;β) = −Hˆ ρ(ri, rj , r′i, r′j ;β),
Hˆ = Kˆi + Kˆj + Uˆ(ri, rj , r
′
i, r
′
j). (1)
Numerial methods to obtain the density matrix of the
Eq. (1) will be onsidered in Se. II C. Here, we onen-
trate on the available analytial solutions in the limit of
weak oupling. If the interation is weak, the Eq. (1)
an be solved by perturbation theory with the following
representation for the two-partile density matrix
ρij =
(mimj)
3/2
(2pi~β)3
exp
[
− mi
2~2β
(ri − r′j)2
]
× exp
[
− mj
2~2β
(ri − r′j)2
]
exp[−βΦij ], (2)
where i, j are partile indies, ρij ≡ ρ(ri, rj , r′i, r′j ;β), and
Φij ≡ Φ(ri, rj , r′i, r′j ;β) is the o-diagonal two-partile
eetive potential. In the following we will onsider ap-
pliation of this result to Coulomb systems. As a result
of rst-order perturbation theory we get expliitly
Φ0(rij , r
′
ij , β) ≡ qiqj
∫ 1
0
dα
dij(α)
erf
(
dij(α)/λij
2
√
α(1 − α)
)
,
(3)
where dij(α) = |αrij + (1 − α)r′ij |, erf(x) is the error
funtion, erf(x) = 2√
π
∫ x
0
dte−t
2
, and λ2ij =
~
2β
2µij
with
µ−1ij = m
−1
i + m
−1
j . The diagonal element (r
′
ij = rij)
of (3) is the potential derived by Kelbg and his owork-
ers [4, 25℄
Φ0(xij) =
qiqj
λijxij
{
1− e−x2ij +√pixij [1− erf(xij)]
}
(4)
with xij = |rij |/λij . The Kelbg potential is nite at zero
distane reeting that it aptures the basi quantum
diration eets and the quantum nature of two-partile
interation at small distanes whih prevents any diver-
gene. From Eq. (4) it is also lear that quantum eets
beome dominant (and there the quantum potential de-
viates from the lassial Coulomb potential) at distanes
rij . λij given by the thermal DeBroglie wavelength.
We will see below that, in interating systems, this is
only a rough approximation, and at strong oupling, the
expression for the quantum partile extension deviates
strongly from λij and needs to be generalized.
To obtain a simplied expression for the rather om-
plex quantum potential (3) one an approximate the o-
diagonal matrix elements by the diagonal ones. A rst
possibility is to approximate the integral over α by the
length of the interval multiplied with the integrand in
the enter (Mittelwertsatz) whih leads to the so-alled
KTR-potential due to Klakow, Toeper and Reinhard
whih (in the diagonal approximation) is often used in
quasi-lassial MD simulations [21℄
Φ0(rij , r
′
ij , β) ≡
qiqj
dij(1/2)
erf
(
dij(1/2)
λij
)
, (5)
where dij(1/2) =
1
2 |rij + r′ij |. Alternatively, the inte-
gral an be simplied by taking the o-diagonal Kelbg
potential only at the enter oordinate,
Φ0(rij , r
′
ij , β) ≈ Φ0ij
( |rij |+ |r′ij |
2
, β
)
. (6)
Many authors use the end-point approximation (4) for
the eetive potential Φ(rij , r
′
ij , β) in the pair density
matrix (2) due to the fat that it is very onvenient om-
putationally. The pair potential for interpartile inter-
ation simply is replaed by an eetive potential whih
has only a dependene on the radial variables |rij |, |r′ij |.
However, most of the auray is usually lost in this end-
point approximation.
3Sine the Kelbg potential is obtained by rst order per-
turbation theory its appliation is limited to weak ou-
pling, Γ . 1, where Γ is the ratio of mean potential
to kineti energy. In unbound and bound states of an
eletron-proton pair this results in the following ondi-
tions on temperature
Γ =
e2
r¯
/kBT . 1 ⇒ kBT & e
2
r¯
Γ = Ry/kBT . 1 ⇒ kBT & Ry, (7)
where Ry = Ha/2 = e2/2aB, and aB is the Bohr radius.
For the last ase the Kelbg potential (and any of the
simplifying approximations) an be only valid for tem-
peratures suiently above the atomi binding energy,
i.e for the ase of hydrogen, T & Ry/kB ≈ 158 000 K.
We address this point in more detail in the setion IV,
where exat binding energies and pair orrelation fun-
tions for an eletron-proton pair are ompared with the
results obtained with the potentials (3) and (4).
B. Improved diagonal Kelbg potential
The limitation of the Kelbg potential to desribe quan-
tum systems only when there are no bound states has
lead several researhers [1, 30, 31℄ to introdue and inves-
tigate a more generalized form of the quantum potential
with an additional free parameter γij
Φ (rij , β) = (8)
=
qiqj
rij
[
1− e−
r2
ij
λ2
ij +
√
pi
rij
λijγij
(
1− erf
[
γij
rij
λij
])]
.
This potential has an advantage of preserving the orret
rst derivative at r = 0 of the original Kelbg potential,
Φ(0, β)′r = −qiqj/λ2ij , but at the same time allows to
orret the wrong value of the height of the Kelbg poten-
tial at r = 0, i.e. Φ(0, β) = qiqj
√
pi/(λij γij) to inlude
bound states. Using the denition of the eetive poten-
tial as
e−βΦij ≡ Sij , (9)
where Sij ≡ S(rij , β) is the exat binary Slater sum of
partiles i, j. The t parameter γij in Eq. (8), is related
to the Slater sum at zero interpartile distane aording
to
γij = −
√
pi
λij
qiqj β
ln[Sij(rij = 0, β)]
. (10)
It is important to note that γij depends both on temper-
ature and the type of partiles. For example, the binary
Slater sum of two eletrons at zero separation has the
form (inluding the average 〈. . .〉 over possible values
of the total spin S = 0, 1)
S〈〉ee(ree = 0, β) = 2
√
piξeeJ1(ξee),
J1(ξij) =
∞∫
0
e−x
2 x dx
1− exp(−πξijx )
, (11)
where the interation parameter ξij = qiqj β/λij .
On the other hand, for an eletron-proton pair the
Slater sum an be written as
Sep(rep = 0, β) = 4
√
piξepJ1(ξep) +
√
piξ3epZ3(ξep),
Zn(ξ) =
∞∑
y=1
y−neξ
2/4y2 , (12)
where the last term shows the ontribution of the bound
states.
The original Kelbg potential was derived for very high
temperatures without taking into aount exhange be-
tween partiles. This work was followed by several
studies where the pseudopotentials for idential parti-
les have been alulated numerially [32, 33℄ or analyt-
ially [34, 35, 36℄ using expansions in a quantum param-
eter, small partile separation, and temperature. In the
present work, following these studies, we approah the
problem of the pseudopotential with exhange by using
the formalism of two-partile density matries (DM). The
pair DM an be alulated numerially (see Se. II C) or
expressed in analytial form (2) using the improved Kelbg
potential (8).
In the ase of a pair of eletrons, they an be in a sin-
glet or triplet state, and the spatial wave funtion is sym-
metri or antisymmetri under the exhange of partile
indies. Thus, one an dene a binary eetive eletron-
eletron interation for three dierent ases
e−βU
S(T )
ij =
ρ[2](ri, rj , ri, rj ;β)± ρ[2](ri, rj , rj , ri;β)
ρ[1](ri, ri;β)ρ[1](rj , rj)
,
e−βU
〈〉
ij =
3
4
e−βU
T
ij +
1
4
e−βU
S
ij , (13)
where ρ[1] and ρ[2] are the one- and two-partile density
matries, and USij , U
T
ij and U
〈〉
ij are the eetive intera-
tions in the singlet (S), triplet (T) state and the spin-
averaged potential, respetively.
If we now approximate the two-partile DM, ρ[2], by
Eq. (2) and fatorize it into the DM's of the enter-of-
mass and relative oordinates (the orresponding expres-
sions are given in Se. II C, f. Eq. (27)), then we obtain
for the pseudopotential between two eletrons being in
the singlet (triplet) state and for the spin-averaged po-
tential, respetively,
US(T )ee = −
1
β
ln
(
e−βUee(r,r) ± e−r2/λ2ee e−βUee(r,−r)
)
(14)
U 〈〉ee = −
1
β
ln
(
e−βUee(r,r) − 1
2
e−r
2/λ2ee e−βUee(r,−r)
)
(15)
In this expression, the funtion, Uee(r, r
′), is a pseu-
dopential between distinguishable partiles (i.e. alu-
lated without exhange eets). Thus, for it one an
substitute the original Kelbg potential, Eq. (4), the im-
proved Kelbg potential, Eq. (8), or any further improved
approximation for the binary interation. In the ase of
two eletrons, if for Uee(r, r) we use the improved Kelbg
4potential (8), then the t parameter γee must be ob-
tained from Eq. (10) where for the binary Slater sum
one should take the one for two distinguishable partiles
with Coulomb repulsion
Sno excee (ree = 0, β) = 4
√
piξeeJ1(ξee). (16)
As it follows from Eq. (15) an exhange ontribution
(eet of partile statistis in the pair interation) arises
from the kineti energy part of the density matrix and
the non-diagonal potential, Uee(r,−r), whih in the rst
order of the perturbation theory an be alulated us-
ing Eq. (3). A further simpliation (whih is ruial
for appliation of the pseudopotentials in semilassial
MD simulations presented in Se. V) an be ahieved
by approximating the o-diagonal potential by the di-
agonal terms, Uee(r,−r) ≈ 12 [Uee(r, r) + Uee(−r,−r)] =
Uee(r, r), and the above expressions are redued to
U
S(T )
ee,0 = Uee(r, r)−
1
β
ln
{
1± e−r2/λ2ee
}
, (17)
U
〈〉
ee,0 = Uee(r, r)−
1
β
ln
{
1− 1
2
e−r
2/λ2ee
}
. (18)
We an note that in the diagonal approximation for the
potential, the exhange term orresponds to the ase of
the ideal Fermi gas (i.e. exhange without interation),
the exhange term arising from the interation is missing.
Taking in Eq. (17) the limit r → 0 we see that the po-
tential of the triplet state shows a logarithmi divergeny
UTee,0 = Uee(r, r)− 2kBT ln
{
r
λee
}
+O
(
r2
λ2ee
)
, (19)
whereas the singlet and the spin-averaged potential a-
quires an additional exhange ontribution
U
S,〈〉
ee,0 = Uee(r, r)∓ kBT ln {2}+O
(
r2
λ2ee
)
, (20)
but the slope of these potentials at the origin are same
as in the ase without exhange. This means, in ase of
Coulomb interation, the slope is dened by the slope of
the original Kelbg potential Φ0,
Uee(r, r)|r→0 = Φ0ee(0)−
e2r
λ2ee
+O
(
r2
λ2ee
)
. (21)
In our previous paper [1℄ we reported on the tem-
perature dependene of the tting parameter γij for
the eletron-eletron and eletron-proton interations.
There, two types of alulations have been presented.
First, the values of γ(β) were obtained by a least-square
t of the improved diagonal Kelbg potential (IDKP), the
Eq. (8), to the exat pair potential U (see Eq. (27)), and
seond, from Eq. (10) by evaluating the values of the bi-
nary Slater sums. It has been found that both methods
agree within the statistial unertainty.
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Figure 1: Temperature dependene of the t parameter for
the binary interations: eletron-proton, γep(T ), and eletron-
eletron (no exhange), γee(T ). Symbols show the γ-values
obtained with the least-square t of the IDKP to the exat
pair potential without exhange. Solid urves orrespond to
the Padé approximation (22,23).
Extending our earlier results, we now present a Padé
approximation whih ontains an analytial temperature
dependene of the parameters γij whih will be useful for
pratial appliations,
γep(T ) =
x1 + x
2
1
1 + aep x1 + x21
, (22)
γee(T ) =
γee(T → 0) + aee x1 + x21
1 + x21
, (23)
where x1 =
√
8pikBT/Ha (with the Hartree energy,
Ha = 2Ry = 315 775 K), aep = 1.090(14), aee = 0.18(1).
The limit value, γee(T → 0), has been obtained from
Eq. (10) by evaluating the zero temperature limit of the
binary Slater sum (16)
γee(T → 0) ≈ − 2√
pi
x˜3
1
ln{8x˜4/√pi} − 3x˜2 , (24)
with x˜ = (|pi ξee|/2)
1
3
. The exellent auray of the Padé
approximation is demonstrated in Fig. 1.
In Fig. (1) we present the temperature dependene of
γ obtained from the least-square t (full and open sym-
bols) to the exat pair potential of distinguishable par-
tiles (no exhange) and Padé approximation (22) (solid
urves). The most important result is that the orreted
Kelbg potential is now not limited to weak oupling as
is the original Kelbg potential. For the ase γij = 1,
Eq. (8) oinides with Eq. (4). One learly sees the de-
viation of γij from unity for T ≤ 106 K, whih shows
that the quantum extension of partiles is beoming in-
uened by interation eets and is now of the order of
5λ˜ij = λijγij , instead of the original thermal DeBroglie
wavelength λij . Thus, with the Padé formulas (22-23),
we have obtained an analytial t for the quantum ex-
tension of the sattering partiles.
The Padé approximations (22), (23) have been suess-
fully used in quasi-lassial moleular dynamis simula-
tions of two-omponent hydrogen plasmas. As we show
in Se. V, they allow to obtain aurate results for par-
tially hydrogen (or other quantum systems of oppositely
harged partiles with bound states).
Finally, we want to note that, in the MD simulations of
quantum plasmas, it an be advantageous to have spin-
dependent potentials for the eletron subsystem dened
by Eqs. (14) or (17). The spin-resolved approximation
allows for a rened modelling, for example, it allows for
the desription of moleule formation, spin density waves,
spin ip proesses in the presene of a magneti eld and
so on.
C. Eetive potentials from numerial solution of
two-body Bloh equation
In the present setion, we briey desribe the numerial
methods whih have been used to solve the two-partile
problem in order to obtain the exat quantum pair po-
tentials. These results have been used to obtain the ana-
lytial t in the improved Kelbg potential. Furthermore,
they will be used to test the auray of various analyt-
ial approximations for the quantum pair potentials in
Se. III below.
Let us fatorize full two-partile density matrix into
a enter-of-mass term and a density matrix of relative
oordinates
ρ(ri, rj , r
′
i, r
′
j;β) = ρcm(R,R
′;β)ρ(r, r′;β), (25)
where R = (miri +mjrj)/(mi +mj), and r = ri − rj ,
and analogously for R
′, r′. When for the relative DM in
the analogy with the Eq. (2) we an dene the eetive
pair potential as
ρ(r, r′;β) = ρkin(r, r′;β) e−βU(r,r
′;β), (26)
whih results in the following expression
U(r, r′;β) = − 1
β
ln [ρ(r, r′;β)/ρkin(r, r′;β)] . (27)
where ρ(r, r′;β)kin is the kineti energy DM.
One of the possibilities to get the relative density ma-
trix ρ(r, r′;β) is to diretly solve the orresponding one-
partile Shrödinger equation and alulate the DM as
a ontribution from bound and ontinuum states. This
proedure is advantageous when the Shrödinger equa-
tion an be solved analytially and we know analyti-
al expressions for ontributions of sattering and bound
states, as for example for Coulomb potential, e.g. [36℄.
But if it is not the ase, a separate alulation of eah
matrix element for eah new values of end-points r and
r
′
will be not eient and time-demanding proedure. In
priniple, suh alulations an be done in advane with
U(r, r′;β) be stored in the tables of the potential, but
one still needs to solve the Shrödinger equation many
times for eah value of quantum numbers and also for
wavefuntions of ontinuum states.
It is possible to approah to this problem from the
other side and alulate the DM diretly without solving
the Shrödinger equation. In this work we apply two
eient methods  the matrix squaring tehnique [32,
37℄ and the Feynman-Kleinert variational approah [38,
39℄. In the Se. III we will ompare an auray of the
pseudopotnetials obtained with these methods.
1. Matrix squaring tehnique
The exat o-diagonal pair density matrix an be al-
ulated eiently by this method introdued by Storer
and Klemm [32℄. For the ase of spherial symmetry of
the interation potential, the relative pair density matrix
in the Eq. (25) is expanded in terms of partial waves.
This expansion reads, for the two- and three-dimensional
ases,
ρ2D(r, r′;β) =
1
2pi
√
r r′
+∞∑
l=−∞
ρl(r, r
′;β)ei lΘ, (28)
ρ3D(r, r′;β) =
1
4pir r′
+∞∑
l=0
(2l+ 1) ρl(r, r
′;β) Pl(cosΘ),
where Θ is the angle between r and r′. Eah partial-wave
omponent satises the 1D Bloh equation for a single
partile in an external potential given by the interation
potential and also a onvolution equation,
ρl(r, r
′; τ) =
∞∫
0
dr′′ ρl(r, r′′; τ/2) ρl(r′′, r′; τ/2). (29)
This is the basi equation of the matrix-squaring method
whih allows to alulate the funtion ρl at a given tem-
perature 1/τ from the same funtion at a two times
higher temperature. Squaring the density matrix k times
results in a lowering of the temperature by a fator of
2k. Eah squaring involves only a one-dimensional in-
tegration whih, due to the Gaussian-like nature of the
integrand in Eq. (29), an be performed quite aurately
and eiently by standard numerial proedures. To
start the matrix-squaring iterations, Eq. (29), one needs
a known aurate high-temperature form for the density
matrix. A onvenient hoie is the semilassial approx-
imation
ρl(r, r
′; τ) = ρ0l (r, r
′; τ) exp
(
− τ|r − r′|
∫ r′
r
V (x)dx
)
,
(30)
6where ρ0l (r, r
′; τ) is the partial-wave omponent of the
free-partile density matrix.
One the pair density matrix ρl(r, r
′; τ) is omputed
for the desired value of τ , it is substituted into Eqs. (28-
29), and a summation over partial waves readily yields
the full relative density matrix.
2. Variational perturbation approah
As a seond method for solving the o-diagonal Bloh
equation we used a variational perturbation expansion de-
veloped by Feynman and Kleinert [38℄. In this proedure
the initial density matrix is presented in the form of a
trial path integral whih onsists of a suitable superposi-
tion of loal harmoni osillator path integrals entered
at arbitrary average positions xm, eah with its own fre-
queny squared Ω2(xm). One starts from deomposing
the ation in the density matrix as
ρ(r, r′;β) =
∫
(r,0)→(r′,~β)
D x e−A[x]/~, (31)
A[x] = AΩ,xm [x] +Aint[x], (32)
with AΩ, xm [x] being the ation of a trial harmoni os-
illator with the potential minimum loated at xm, and
D being the funtional integral over all trajetories. The
interation part
Aint[x] =
∫
~β
0
dη
[
V [x(η)] − 1
2
µ Ω2 [x(η)− xm]2
]
,
(33)
is dened as the dierene between the original potential
V (x) and the displaed harmoni osillator. The Ω2 term
in Eq. (33) ompensates the ontribution of AΩ, xm [x] in
Eq. (32). Now one an alulate the density matrix (31)
by treating the interation (33) as a perturbation, leading
to a moment expansion
ρ(r, r′;β) = ρΩ, xm0 (r, r
′;β)
(
1− 1
~
〈Aint[x]〉Ω,xmr,r′ +
+
1
2~2
〈A2int[x]〉Ω,xmr,r′ − ...
)
= e−τ W
Ω,xm
N
( µ
2pi~2τ
)d/2
,
(34)
with the denition
WΩ,xmN =
d
2β
ln
sinh ~βΩ
~βΩ
+
µΩ
2~β sinh ~βΩ
×
× [(r˜2 + r˜′2) cosh ~βΩ− 2r˜ r˜′]−
− 1
β
N∑
n=1
(−1)n
n!~n
〈Aint[x]〉Ω,xmr,r′ , (35)
where d is the spae dimensionality and N the order of
the approximation. The funtion ρΩ,xm0 (r, r
′) is the trial
harmoni osillator density matrix, r˜ = (r − xm), r˜′ =
(r′ − xm), and the expetation value of the interation
ation on the r.h.s. of Eq. (35) is given by
〈Anint[x]〉Ω,xm
r,r′ =
1
ρΩ,xm0 (r, r
′)
r˜
′,~β∫
r˜,0
Dx˜
n∏
l=1
{ ~β∫
0
dτl ×
×Vint [x˜(τl) + xm] e{− 1~AΩ, xm [x˜+xm]}
}
. (36)
The funtion WΩ,xmN an be identied as an eetive
quantum potential whih is to be optimized with respet
to the variational parameters {Ω2(r, r′;β), xm(r, r′;β)}.
Note that, in the high temperature limit, this eetive
potential goes over to the original potential V (r). The
optimal parameter values are determined from the ex-
tremity onditions
∂WΩ,xmN (r, r
′;β)
∂Ω2
= 0,
∂WΩ,xmN (r, r
′;β)
∂xm
= 0. (37)
The perturbation series (35) is rapidly onverging, in
most ases already in the rst-order approximation
WΩ,xm1 for the eetive potential, and gives a reasonable
estimate of the desired quantities.
III. COMPARISON OF THE PAIR
POTENTIALS AND THEIR TEMPERATURE
DEPENDENCE
We will now ompare auray of the pair potentials
disussed above (or two-partile density matries orre-
sponding to these potentials), their temperature depen-
dene and range of appliability.
A. Full density matrix of eletron-proton pair
In Fig. 2 we show the angular dependene of the full o-
diagonal two-partile density matrix alulated with the
o-diagonal Kelbg potential  ODKP (3) and its diagonal
approximation  DKP (4). The density matrix is shown
at several temperature values (T = 1 000 000, 250 000
and 62 500 K) and several angular distanes (φ =
0, pi/2, pi) between the vetors r ≡ rij , r′ ≡ r′ij (in eah
of the gures, the top urves orrespond to the ase of
parallel vetors, φ = 0, the lowest urves to antipar-
allel vetors, φ = pi). Also, for referene, we give the
o-diagonal density matrix obtained from the `exat' so-
lution of the Bloh equation, f. Se. II C 1. At high
temperatures, T ≥ 250 000 K, the Kelbg density matrix
does not exhibit large deviations from the exat result.
At T = 1 000 000K, the ODKP density matrix prati-
ally oinides with the exat solution, whereas the DKP
approximation shows small deviations. In these ases the
perturbation expansion applies, Γ ∼ 0.15, see left olumn
of Fig. 2. With dereasing temperature, the deviations
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Figure 2: The exat o-diagonal density matrix ρ(r, r′;φ)
for an eletron-proton pair vs. the density matrix alu-
lated with the diagonal (DKP) and o-diagonal (ODKP)
Kelbg potentials. In all gures, results for three angular
values are given φ = 0 (upper urves), φ = pi/2 (middle)
and φ = pi (lower urves). The proton is loated at the
origin, and the vetor r
′
(initial eletron position) is xed,
|r′| = 0.25; 1.0; 2.0. The vetor r (nal eletron position) is
varied, φ is the angle between the vetors r and r'.
from the exat results grow, see middle olumn. To bet-
ter understand the details of the deviations, we magni-
ed them by inluding also results for T = 62 500 K,
whih is far beyond the sope of the perturbation theory,
T ≈ 0.4 Ry/kB, i.e. Γ ≈ 2.5. Here we observe that, at
the origin, the density matrix of the Kelbg potential is
3 times less than the exat one. The largest errors were
found for the DKP, in partiular, in the ase when the
vetors r, r′ have the opposite diretion (φ = pi).
The behavior of the full density matrix an be under-
stood from the following onsiderations. The density ma-
trix results from ontributions of kineti and potential en-
ergy operators, f. Eq. (1). At small distanes (r′ = 0.25)
the Coulomb attration between an eletron and a pro-
ton dominates and, therefore, the density matrix shows
an exponential deay. At the largest distane (r′ = 2.0)
kineti and potential energy are of the same order and
a Gaussian-like free partile density matrix emerges, as
an be learly seen in the bottom left part of Fig. 2.
From this rst omparison we an onlude that both,
the DKP and the ODKP, show satisfatory agreement
with the exat result in the ases where perturbation
theory applies, T & 2Ry. At lower temperatures there
is only qualitative agreement. The strongest deviations
arise for small interpartile distanes {r, r′}, and this, as
will be shown below, results from the inorret height of
the Kelbg potential at zero distane r = 0.
B. Eetive interation of eletron-proton and
eletron-eletron pairs
In Fig. 3(a,b) we show and ompare the auray of
several eetive eletron-proton potentials and their tem-
perature derivatives obtained by various methods. As an
exat referene potential to whih the auray of other
potentials is ompared we use Upair obtained from the
eletron-proton pair density matrix alulated with the
matrix squaring tehnique.
First, we note from Fig. 3(a) that, at given tempera-
tures T ≤ 2Ry, the original Kelbg potential shows the
largest deviations from the exat result, Upair. While
the spatial derivative of the DKP oinides with that of
Upair, a systemati oset of the DKP ompared to Upair
is observed at the origin r = 0, whih inreases when the
temperature is lowered. The agreement is satisfatory
only for the urve orresponding to T = 320 000 K. The
auray of the Kelbg potential beomes worse for quan-
tities involving its temperature derivative. For exam-
ple, for the total energy one has to ompute the thermo-
dynami average of the funtion ∂(β U(β)/∂β)|U=Φ0
Kelbg
.
This funtion is shown in Fig. 3(b). If multiplied by the
Boltzmann fator e−β U(β), this funtion is a good esti-
mate for the binding energy (Eb) of an eletron-proton
pair. In the ase of a bound state the main ontribu-
tion to the energy omes from the region of small inter-
partile distane, r . 3aB. Therefore, the behavior of
∂(β U(β)/∂β) near the origin determines the auray of
the alulations of the energy and other thermodynami
quantities. As we an see from the urve for 5 000K in
Fig. 3(b), the depth of the DKP is muh less than that
of Upair and, therefore, it gives a too low binding energy
of Eb ≈ 0.16 Ha, i.e. a fator of three too low ompared
with the true ground state energy E0b = 0.5 Ha.
As it was already disussed in Se. II B the auray
of the DKP an be improved with the additional t pa-
rameter γij . In Fig. 3(a,b) this potential is denoted as
ΦKelbg. One an see that at all onsidered temperatures
ΦKelbg pratially oinides with Upair. Even in the ase
of the strong oupling (T = 5 000 K) the agreement is
very good.
The next potential showh in this gure is the varia-
tional potential, Wω, xm , introdued in the Se. II C 2.
This potential is more aurate than the DKP and qual-
itatively reprodues the exat eetive pair potential
Upair for temperatures T = 125 000 K, 320 000 K and its
derivative (see Fig. 3(b)). The key point is that the vari-
ational perturbation theory [38℄ replaes the perturbation
expansion in Γ (whih does not onverge for Γ & 1) into
another expansion, Eq. (34), whih does not have this re-
strition. The results of this approah an be improved
by taking into aount higher order terms in Eq. (34) (the
results shown in the gure inlude only the rst term,
8n = 1). The onvergene of Eq. (34) extends even to
very strong oupling and has been suessfully applied in
eld theory [39℄.
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Figure 3: (a): Diagonal eetive eletron-proton potential
(in units of Ha) for several ases: the DKP Φ0(r;β) (4), the
improved DKP Φ(r;β) (8), variational potential WΩ,xm
1
(35),
pair potential Up (27) orresponding to the exat density
matrix. Eah potential is given at at three temperature val-
ues: 5 000, 40 000, 125 000 and 320 000 K. (b): the funtion
U(β)+β∂U(β)/∂β for the same approximations and temper-
atures.
We mention that omparison with other eetive po-
tentials has been performed in our paper [1℄. In parti-
ular, the exat pair potential was ompared with the
results of Barker [33℄ (the alulations of the pair po-
tential by the diret eigenfuntion summation) and the
Deutsh potential. A good agreement has been found
with the data of [33℄, while the deviations of the Deutsh
potential turned out to be slightly larger than that of the
Kelbg potential. The reason is that the Deutsh potential
has an inorret spatial derivative, U ′r, for r . 3aB.
Next, in Fig. 4, we ompare pair distribution fun-
tions (PDF) of two eletrons in a singlet and triplet states
for dierent temperatures, obtained from the expression
with the eetive potential
g(r) ∝ e−βUS(T)(r). (38)
Due to the Pauli priniple in Fig. 4(a) the PDF is goes
to zero as ree → 0. On the other hand, for eletrons in
a singlet state (Fig. b) this happens only if the tempera-
ture is dereased down to 31 250 K, when the potential
energy dominates over the kineti energy. The three lines
in Fig. 4(a) show the ases when as an eetive potential
in the Eqs. (15-17) we substitute the exat pair poten-
tial and the Kelbg potential. In the last ase, Eq. (17),
the exhange ontribution from the potential funtion is
negleted. This, as shows Fig. 4(a), beomes important
only for the temperature 31 250 K and below. But the
overall auray of the Kelbg potential for a desription
of two partiles with the same harge (even without im-
proving its value at the origin with γ) is signiantly
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Figure 4: Pair distribution funtion for a pair of eletrons. a:
In a triplet state (parallel spins, S = 1); b: In a singlet state
(antiparallel spins, S = 0). Cases ompared are: Eq. (14), us-
ing for Uee the exat pair potential and the Kelbg potential,
Φee,0, respetively, as well as the simpler expression, Eq. (17)
with the Kelbg potential. The pair distribution funtions are
shown for four temperatures, T = 31 250, 125 000, 250 000
and 1 000 000 K.
better (ompared to the results with the exat pair po-
tential) than for partiles with opposite harge, f. Fig. 3.
This is due to absene, in this ase, of ontributions from
bound states.
The pair orrelation funtions at T = 125 000K an be
ompared with those for a hydrogen plasma obtained by
moleular dynamis simulations, see Fig. 9. One an see
that, at least at this temperature, the eletron-eletron
PDF's of that many-partile simulation look quite similar
to the two-partile ase shown in Fig. 4. Some dierenes
are notieable for the value of gee at r = 0 as the density
is inreased from rs = 6 to rs = 4, see Se. V.
In the next setion we disuss appliation of quan-
tum pair potentials in thermodynamial alulations us-
ing Feynman trajetories in imaginary time (PIMC).
IV. QUANTUM PAIR POTENTIALS IN PATH
INTEGRAL MONTE CARLO
It is well known (see for example disussion in Chapter
12 of [38℄) that the singularity of the attrative Coulomb
potential auses diulties in the eulidian path inte-
gral. If based on Feynman's original path integral repre-
sentation, a path onsists of a nite number of straight
piees, eah with a lassial eulidian ation, ontaining
the singular Coulomb potential. However, in this ase,
the energy of the path an be lowered indenitely by an
almost strethed onguration whih orresponds to a
slowly moving partile sliding down to the −e2/r abyss.
This phenomenon is alled path ollapse.
One possibility to prevent this eet is to use a mod-
ied regularized Coulomb potential whih has a uto
9at r = 0. This proedure, however, is quite arbitrary,
and the results are sensitive to the used uto parame-
ters. Of ourse, in nature, these diulties are prevented
by quantum utuations whih equip the path with a
ongurational entropy. The latter must be suiently
singular to produe a regular free energy bounded from
below. The inlusion of quantum utuations in the Eu-
lidean ation of the Feynman path piees smoothes the
singular Coulomb potential, produing an eetive po-
tential that is nite at the origin, and the path ollapse is
avoided. This again shows the importane of eetive po-
tentials, speially, in quasilassial simulations (las-
sial Monte Carlo and moleular dynamis methods). Of
great importane are potentials whih have a losed an-
alytial form. In this ase for many thermodynamial
quantities it is possible to obtain analytial solutions.
For simulations of orrelated quantum many-body sys-
tems whih are based on rst priniples, the initial many-
body hamiltonian with the true singular Coulomb energy
operator is to be onsidered and solved to nd some
eetive many-body interation potential. For this it
is important that in the high-temperature limit the N-
partile density matrix an be expanded in terms of 2-
partile, 3-partile et. ontributions. If the temperature
is suiently high then all ontributions exept the rst
one, taking into aount two-partile orrelations, an be
omitted. As a result, the following approximation for the
N-partile density matrix holds
ρ(R,R′; τ) ≈
N∏
i
ρ[1](ri, r
′
i; τ)× (39)
×
∏
j<k
ρ[2](rj , rk, r
′
j , r
′
k; τ)
ρ[1](ri, r′i; τ)ρ[1](rk, r
′
k; τ)
+O(ρ[3]),
where R = {r1, . . . , rN} speies oordinates of all N
partiles, ρ[1] (ρ[2]) is the single (two) partile density
matrix. The above pair approximation is usually used
in PIMC simulations [37℄. The N-partile density matrix
ρ(β) ontains a omplete information about the system
with the observables given by
〈Oˆ〉 =
Tr
[
Oˆ ρˆ(β)
]
Tr [ρˆ(β)]
=
∫
dR 〈R|Oˆ ρˆ(β)|R〉∫
dR 〈R|ρˆ(β)|R〉
. (40)
Due to the exponential form, the N-partile density op-
erator ρˆ(β) = e−βHˆ an be fatorized (in analogy to the
matrix squaring method above) as ρˆ(β) = [ρˆ(τ)]
M
with
M = β/τ . Consequently, the N-partile density oper-
ator ρˆ(β) is expressed in terms of density operators at
an M times higher temperature 1/τ = M · kBT . If M
is hosen suiently large then one an apply the pair
approximation (39). Thus, aurate results for the quan-
tum pair potentials and, onsequently, the pair density
matrix, will allow to ompute the density matrix of the
whole N−partile system. Here we are not interested in
the investigation of the auray of approximation (39)
but onentrate on the two-body problem where Eq. (39)
is exat.
It is lear that the observables (40) omputed with the
approximate pair-density matrix ρ[2] ontain an error of
the order O(1/M2). Below we will investigate the on-
vergene, as a funtion of M , of main thermodynami
properties (total energy and e-p pair distribution) for an
eletron-proton pair using for the pair density matrix ρ[2]
results omputed with the o-diagonal and the diagonal
Kelbg potential.
A. Comparison of diagonal and o-diagonal Kelbg
potential on the example of Hydrogen atom
We onsider a hydrogen atom in a box with periodi
boundary onditions (box size, L = 20 aB) at several
temperatures, T = 31 250−62 500K, when the hydrogen
atom an ionize into free partiles, as well as for the ase
T < 10 000 K, when there is essentially only the ontri-
bution from the atomi ground state. First, in Fig. 5 we
show the e-p pair distribution funtions (normalized to
the volume dV = 4pir2dr).
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Figure 5: Proton-eletron pair orrelation funtions from
PIMC simulations with the exat pair density matrix (di-
amonds), the DKP (dots) and the ODKP (full line). Tem-
perature values are as indiated in the gure parts: T =
5208, 10 416, 31 250 and 62 500 K. For omparison, `3D GST'
 denotes the pair orrelation funtion orresponding to the
ground state of a hydrogen atom.
For temperatures T = 5 208 K and 10 416 K the hy-
drogen atom does not deay into free partiles during
the duration of a typial simulation run (∼ 106 Monte
Carlo steps). In the gures, the exat pair orrelation
funtion is ompared with the one obtained with the o-
diagonal and diagonal Kelbg potentials, respetively (the
number of fatorization fators for the density matrix was
hosen to be M = 400). We found that the best au-
ray is ahieved for the o-diagonal Kelbg potential and
10
M & 200, in this ase the ODKP pair orrelation fun-
tion is very lose to the exat one.
At elevated temperatures, T = 31 250 K and 62 500 K,
ionization of the hydrogen atom ours, but due to the
periodi boundary onditions, the free partiles annot go
to innity but, when reahing the boundary, are returned
bak in the simulation box and have a nite probability
for a formation of a bound state again. Thus, this sim-
ulation aptures the region of partial ionization. As the
temperature is inreased the ionization probability also
inreases, leading to a signiant drop in the height of
the proton-eletron pair distribution funtion at the ori-
gin ompared to the ground state probability funtion
Ψ20(r), (see Fig. 5, plots for T=31 250 K and T=62 500
K).
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Figure 6: PIMC results for the internal energy of the proton-
eletron pair using exat pair density matrix, DKP, ODKP
and Improved Kelbg potential vs. dierent number of fator-
ization fators M .
In Fig. 6 we analyze the onvergene of the internal en-
ergy in PIMC simulations with varying number of high-
temperature fators M . In partiular, we ompare inde-
pendent simulations with the diagonal and o-diagonal
Kelbg density matries, respetively. The exat energy
value for the onsidered temperatures is given by the solid
line and is obtained from PIMC simulations using the
exat pair density matrix, f. Se. II C 1). The internal
energy was obtained using the thermodynami estimator,
〈E〉 = − ∂∂β lnZ, where Z is the partition funtion. Com-
paring the diagonal and o-diagonal ases one an note
that the ODKP density matrix shows muh better and
faster onvergene to the exat energy value. A simple
estimate shows that the relative error of the total energy,
in the diagonal approximation, depends on fatorization
number M as δE/E ≈ γτ2, τ = β/M . In ontrast, us-
ing the o-diagonal potential, the error onverges muh
faster, δE/E ≈ γτ3.
This fat is illustrated in Fig. 7 where the logarithm
of the relative error, log(δE/E), is shown as a fun-
tion of the inverse of the temperature used in the high-
temperature fators, 1/τ . In this gure we ompare the
behavior of the error for the same set of temperatures
as in Fig. 6. In Fig. 6 we also add simulation results
using improved diagonal Kelbg potential (solid line). Its
auray is better then that of the ODKP at low tem-
peratures (small values of M) but at high temperatures
both are omparable.
The main onlusion that an be drawn from the pre-
sented PIMC results is that, at equal number of fa-
torization fators M , simulations with the o-diagonal
Kelbg potential are signiantly more aurate in repro-
duing the exat thermodynami results of a hydro-
gen atom. Besides, the full o-diagonal density matrix
ontains valuable information about the spatial eletron
distribution around the proton, whih is lost in the end-
point approximation. Further, we expet that the best
results will be obtained using an improved o-diagonal
Kelbg potential, whih has the orret zero-point value
and ontains the omplete angular dependene of the pair
density matrix whih, however, is beyond the sope of the
present paper.
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Figure 7: Relative error in the internal energy of the proton-
eletron pair from PIMC simulations with diagonal, o-
diagonal Kelbg potential vs. temperature argument in the
two-partile density matrix 1/τ .
V. MOLECULAR DYNAMICS SIMULATIONS
In this setion, we apply the improved Kelbg poten-
tials in lassial moleular dynamis simulations of dense
hydrogen. Classial MD simulations of dense plasmas
have been performed by many authors before where the
divergeny at zero distane leading, in partiular, to the
lassial ollapse of an eletron into a proton, is usually
avoided by some uto or regularization of the Coulomb
potential at small distanes. Using in this paper, ee-
tive quantum pair potentials obtained from the exat so-
lutions of the Bloh equations, we expet to be on well
founded grounds regarding the orret pair interations
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at short distanes. This should not only prevent any
ollapse but also orretly reprodue the formation of
hydrogen atoms and thus allow us to obtain essentially
improved MD simulation results. On the other hand, this
is not a trivial question, sine these potentials are derived
from pure equilibrium onsiderations, and there is no ad-
ho proof that they will neessarily be aurate for the
desription of dynamial behavior as well, in partiular
under strong non-equilibrium onditions. We, therefore,
onentrate in the present analysis on orrelated partially
ionized hydrogen in thermodynami equilibrium. The re-
sults obtained below onrm that, indeed (at least in
equilibrium), the quantum pair potentials are well suited
for use in the interpartile fore terms in lassial MD.
Classial MD simulations inorporate all interparti-
le ollision proesses and are thus not restrited with
respet to the oupling parameter Γ in a lassial sys-
tem. With the use of eetive quantum pair potentials,
we expet, in addition, to apture dominant features
of the quantum nature of miropartiles, suh as quan-
tum diration and spin eets. Thus, these simulations
ould be alled semilassial MD. Having aess not
only to improved eletron-ion potentials but also to spin-
dependent eletron-eletron potentials, allows us to on-
sider also spin eets by simulating eletrons with dier-
ent spin projetions as two independent partile speies.
No spin-ip proesses, as they would be expeted e.g. in
strong magneti elds are onsidered [40℄, but our model
should be apable to desribe related phenomena as well.
In this paper we fous on stati properties, suh as inter-
nal energy, and radial distribution funtions. Investiga-
tion of dynamial properties an of spin density utua-
tion is the aim of a forthoming paper.
We onsider a dense, degenerate hydrogen plasma at
two densities orresponding to the Bruekner parame-
ter rs = r¯/aB = 4 and rs = 6 and temperatures
T = 31 250, 50 000, 62 500, 125 000 and 166 670 K. These
parameter values orrespond, respetively, to Γ= 2.53,
1.58, 1.26, 0.63 and 0.47, for rs= 4, and 1.68, 1.05, 0.84,
0.42, 0.32, for rs= 6.
The simulation box of our system, with the length
L=[n/(Np + N
↑
e + N
↓
e )]
1/3
, ontains Np= 200 protons,
N↑e= 100 eletrons with spin up and an equal number of
eletrons, N↓e= 100, with spin down. We keep the on-
dition of the eletro neutrality by taking Np= N
↓
e+ N
↑
e .
Details of the used numerial algorithm an be found in
Ref. [22℄.
Sine MD, in ontrast to PIMC, involves only diag-
onal interation potentials, we hoose the following ex-
pressions: for the interation between eletrons and pro-
tons, protons and protons and eletrons with opposite
spin, we use the improved Kelbg potential, Eq. (8), with
the t parameters given by Eqs. (22) and (23), respe-
tively. The interation between eletrons with the same
spin projetion is desribed by the diagonal antisymmet-
ri potential, Eq. (17). Further, to properly aount for
the long range-harater of the potentials, we used the
standard Ewald proedure as in Ref. [22℄ whereas, in
ontrast to the rather involved expressions given there
for a one-omponent plasma, here we ould restrit the
potential energy sum only by the proper sum in real spae
(we do not reprodue these lengthy expressions here, but
mention that the value of the parameter α dened in
Ref. [22℄ was hosen to be α = 5.6/L) and taking 5
vetors in every diretion in the reiproal spae. This
gives some omputational-ost advantage in omputation
of the fores ompared to Ref. [22℄.
In Fig. 8, we plot the internal energy per atom as a
funtion of temperature for two densities and ompare it
to the path integral Monte Carlo results of Militzer [41℄.
One an note, that for high temperatures the energies
of MD and PIMC simulations oinide very well and lie
within the limits of the statistial errors. This is an im-
portant test for the simulation, and this agreement was
expeted due to the asymptoti harater of the Kelbg
potential as a rigorous weak oupling result. Moreover,
we observe pratially full agreement between MD and
PIMC results to temperature as low as approximately
50 000K, orresponding to a oupling parameter Γ = 3.
This is a remarkable extension of semilassial mole-
ular dynamis into the regime of moderate oupling and
moderate degeneray.
Naturally, below a ritial temperature of about
50 000 K deviations from PIMC results start to grow
rapidly  the MD results for the energy are beoming
very low. It is very interesting to analyze the reasons
for these deviations, as this may suggest diretions for
further improvements. It turns out that the reason for
these deviations is not a failure of the used quantum pair
potentials. Thus the only soure for the deviations in the
full simulation an be many-partile eets beyond the
two-partile level.
To verify this hypothesis we performed a areful in-
spetion of the mirosopi partile ongurations in the
simulation box. At high temperatures, the partile tra-
jetories are those of a fully ionized lassial plasma. At
temperatures below on Ry, we observe an inreasing num-
ber of eletrons undergoing strong deetions on protons
and eventually performing quasibound trajetories. Most
of these eletrons remain bound only for a few lassial
orbits and then leave the proton again. Averaged over
a long time our simulations are able to reveal the de-
gree of ionization of the plasma. At the same time we
observe oasional events of three and more partiles be-
ing at short distanes for the duration of one or more
orbits, reeting the appearane of hydrogen moleules
H2, moleular ions H
+
2 et.
If the temperature is lowered below approximately
T = 50 000 K, we observe a strong inrease of moleule
formation and even an aggregation of many moleules
into lusters with an interpartile distane lose to one
aB. This turns out to be the reason for the observed
very low energy beause the attrative Coulomb inter-
ation ontributions are beoming dominant in the total
energy. Of ourse, this behavior is not surprising: while
all pair interation proesses are modelled orretly even
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Figure 8: Semilassial MD results (full lines) for the inter-
nal energy per hydrogen atom at densities rs= 4, 6 versus
temperature. The results of restrited PIMC simulations by
Militzer [41℄ are shown for omparison (dashed lines). Sym-
bols indiate the ve temperatures for whih MD simulations
have been performed: T = 31 250, 50 000, 62 500, 125 000 and
166 670 K (solid lines). The pair approximation breaks down
around 50 000K, at the moleule binding energy.
at low temperature (whih is assured by the t parame-
ters in the improved Kelbg potentials), as soon as three or
more partiles are being losely together, three-partile
and higher order orrelations are beoming inreasingly
strong (they, in partiular, aount for the formation of
the larger bound state omplexes desribed above). How-
ever, it was just the approximation used in the deriva-
tion of the quantum potentials that three-partile and
higher orrelations an be negleted whih was the ba-
sis for the use of pair potentials in modelling the whole
N -partile system. While moleular dynamis, of ourse,
inludes any level of orrelations, the use of the present
potentials means that quantum orretions to three-body
(and higher order) interations are not adequately ap-
tured. Therefore, it is no surprise that this approxima-
tion breaks down at suiently low temperature, and this
break down ours around the temperature orrespond-
ing to the binding energy of hydrogen moleules. From
this we an onlude that moleule formation sets the
limit of the appliability of the present semilassial MD
simulations.
Let us now turn to a more detailed analysis of the spa-
tial onguration of the partiles in the MD simulations.
In Fig. 9 the radial pair distributions between all par-
tile speies with the same harge are plotted at two den-
sities. Consider rst the ase of T = 125 000 K (upper
panel). For both densities, all funtions look qualitatively
the same, showing a depletion at zero distane due to
Coulomb repulsion. Besides, there are dierenes whih
arise from the spin properties. Eletrons with same spin
show a slightly broader Coulomb hole around r = 0
than the protons, beause the Pauli priniple yields an
additional repulsion of the eletrons (this eet is muh
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Figure 9: Eletron-eletron and proton-proton radial pair dis-
tribution funtions for a orrelated hydrogen plasma with rs=
4 (left row) and rs= 6 (right row) for T = 125 000, 61 250 and
31 250 K (from top to bottom).
weaker for two protons due to their muh smaller de
Broigle wavelength). This trend is reversed at lower tem-
perature, see middle panel, whih is due to the formation
of hydrogen atoms, see also Fig. 11 below. In this ase,
eletrons (their trajetories) are spread out around the
protons giving rise to an inreased probability of lose
enounters of two eletrons in dierent atoms ompared
to two protons.
Now, let us ompare eletrons with parallel vs. ele-
trons with antiparallel spins. In all ases, we observe a
signiantly inreased probability to nd two eletrons
with opposite spin and small distanes below one Bohr
radius whih is due to the missing Pauli repulsion in this
ase. This trend inreases with lowering of temperature
due to inreasing quantum eets and thus onviningly
onrms that spin eets are orretly reprodued in our
MD simulations.
Before analyzing the lowest temperature in Fig. 9 let
us onsider the eletron-proton pair distributions whih
are shown in Fig. 10. With lowering of temperature,
we observe a strong inrease of the probability to nd an
eletron lose to a proton. In ontrast to the lassial ase
of a ollapse (see above), here this probability is nite.
Multiplying these funtions by r2 gives essentially the
radial probability whih is plotted in Fig. 11. Here, low-
ering of temperature leads towards formation of shoulder
around 1.5aB whih is due to the formation of hydro-
gen atoms. This onlusion is onrmed by inspetion
of the orresponding quasibound eletron trajetories as
disussed above. At this temperature, the observed most
probable eletron distane is not 1aB as in the hydrogen
ground state whih is due to the onsiderable kineti en-
ergy of the partiles leading to a larger average radius of
the lassial quasilosed orbits We expet that at lower
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Figure 10: Eletron-proton radial pair distribution funtions
at rs= 4 (left gure) and rs= 6 (right gure) and ve tem-
peratures: T = 166 667, 125 000, 62 500 and 50 000 K.
temperature, the most probable radius would tend to-
wards 1aB, but this temperature range is not realistially
modelled due to moleule and luster formation.
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Figure 11: Eletron-proton radial pair distribution funtions
multiplied by r2. Same data as in Fig. 10.
While the desription of orrelated omplexes of more
than two partiles is ertainly beyond the present pair
approximation model, nevertheless, several features of
a partially ionized and partially dissoiated hydrogen
plasma are reprodued orretly. At 62 500 K and rs = 6
(right enter part of Fig. 9) the simulations show a rst
weak signature of moleule formation  see the maximum
of the p-p pair distribution funtion around r = 2aB and
the maximum of the pair distribution funtion of ele-
trons with antiparallel spins around r = 1.5aB. Further
lowering of the temperature by a fator of two (lower
panel of Fig. 9) onrms this trend: the p-p funtions
exhibit a lear peak very lose to r = 1.4aB  the theo-
retial p-p separation in H2-moleules. At the same time,
also the e-e funtions have a lear peak around r = 0.5aB,
in the ase of opposite spins, and r = 1.2aB, for parallel
spin projetions. The rst ase omes rather lose to the
true quantum mehanial H − H bound state (singlet)
with the eletron wave funtion predominantly onen-
trated between the two protons. On the other hand, this
eletron peak should also extend to the right of the p-p
peak, and no suh pronouned peak would be expeted
for eletrons with the same spin.
Nevertheless, we may onlude that even formation
and spatial dimension of hydrogen moleules appear to be
aptured surprisingly well in these simulations. The main
diulty appears to arise not on the level of four-partile
orrelations but on the level of six partile orrelations:
in the simulations nothing prevents two bound atoms
from binding to a third and more atoms. The overall at-
trative Coulomb interation makes it, below 50 000 K,
energetially favorable to form large lusters onsisting
of more than two atoms, explaining the strong derease
of the internal energy at the T = 31 250 K, f. Fig. 8.
In reality, omplexes of two moleules do exist, but they
have a very low binding energy whih is due to a subtle
ompensation eets arising from repulsive exhange in-
teration between the eletrons whih go far beyond the
level of pair interations [42℄.
VI. USE OF THE QUANTUM PAIR
POTENTIALS IN DENSITY FUNCTIONAL
THEORY
The eetive quantum potentials have been introdued
to represent the equilibrium two partile density matrix
and subsequently generalized to inorporate many-body
Coulomb oupling eets. There are other many body
oupling eets due to degeneray or exhange orrela-
tions. For some appliations, it may be useful to inor-
porate these diretly in the eetive pair potentials to
extend their validity to still lower temperatures, as was
demonstrated on the example of lassial MD above.
In this setion, we desribe the usefulness of the ee-
tive quantum potentials for a ompletely dierent theo-
retial approah  density funtional theory (DFT). In
doing so, the role of eetive quantum potentials with
degeneray eets is illustrated as well.
DFT is a formal struture in whih non-perturbative
approximations an be introdued to desribe strong
oupling eets [43℄. Although there are both lassial
and quantum versions of DFT, the lassial form does
not apply to a system of eletrons and positive ions due
to the Coulomb divergene. One possibility is to postu-
late a lassial statistial mehanis using the eetive
quantum potentials desribed above whih allows to re-
move the singularity. Alternatively, the proper quantum
formulation an be used from the outset and the eetive
quantum potentials derived as a tool in the proess of
omputing properties of interest [44℄. This seond ap-
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proah will be used here.
In essene, DFT is a variational means to derive an
equation for the harge density indued by an external
potential. If that potential is taken to be the same as
the potential of one of the harges in the system, the
resulting density is in fat formally idential to the equi-
librium pair orrelation funtion, or diagonal element of
the two partile density matrix. The density obeys a
known nonlinear integral equation  a generalization of
the Boltzmann-Poisson equation. However, in pratie,
the diret solution this equation is seldom attempted.
Instead an equivalent set of self-onsistent one partile
Shrödinger equations, the Kohn-Sham equations [45℄,
are solved rst to onstrut the harge density. Yet it
might be very useful to reall the existene of an alter-
native diret approah whih beomes pratial if an ap-
propriate quantum pair potential is introdued. This is
illustrated in more detail as follows.
Consider a quantum system in the presene of external
soures that an be desribed by an additive potential
V̂ =
∑
α
Nα∑
i=1
V̂α(qiα). (41)
Here α denotes a speies and qiα is the position operator
of partile i of speies α. The aret on the potentials is
used to distinguish the quantum operator from its or-
responding funtion. In general, eah speies may have
a dierent form for the oupling to the external soures.
The potential also an be written in terms of the density
operators for eah speies
V̂ =
∫
dr
∑
α
Vα(r)n̂α(r), n̂α(r) =
Nα∑
i=1
δ(r− qiα).
(42)
The details of the remainder of the Hamiltonian are not
important at this point. For this many-body system with
external soures the theorems of density funtional the-
ory apply in the following form. First, a funtional of the
average densities, n̂α(r), averaged over an equilibrium
grand anonial ensemble is onstruted (the generaliza-
tion to other equilibrium ensembles has been arried out).
This is done in two steps. First, the equilibrium grand
potential for the system is onsidered formally
βΩe = − ln
∑
{nα}
Tr e−β(H−
∑
α µαnα). (43)
The density for the various speies is obtained (formally)
by funtional dierentiation with respet to the poten-
tials
Ωe = Ωe ({µα − Vα}) , neα (r) = − δΩe
δ [µα − Vα(r)] . (44)
The density equation is inverted (formally) to get the
external potentials as funtionals of the average densities
Vα = Vα(r | {neσ}), (45)
and a Legendre transformation is performed to onstrut
the free energy as a funtional of the densities rather than
the hemial potentials
F ({neα}) = Ωe ({µα − Vα}) (46)
+
∑
α
∫
dr [µα − Vα (r | {neσ})]neα (r) .
The ruial seond step is to extend this funtional to
arbitrary density elds
F ({neα})→ F ({n}). (47)
The main task of density funtional theory is now to
onstrut the density funtional
ΩV ({n}) ≡ F ({n})−
∫
dr (µα − Vα (r))nα (r) , (48)
where, in this denition, Vα (r) is not onsidered to be
a funtional of the density. The main theorem of den-
sity funtional theory is then that this funtional has an
extremum at the equilibrium density
δΩV ({n})
δn
= 0 =
δF ({n})
δn
− [µα − Vα (r)] ,
⇒ n = neα. (49)
Furthermore the value of the funtional at the equilib-
rium density is learly the equilibrium grand potential
ΩV ({n}) = Ω ({µα − Vα}) .
In pratie, an approximate free energy funtional
F ({n}) is written and Eq. (49) is solved to obtain the
equilibrium density. This density is then used to eval-
uate the equilibrium grand potential and determine all
equilibrium thermodynami properties. Strutural prop-
erties an be obtained as well by hoosing the external
potential at the end to be the same as that for interation
among the system partiles. In other words, the soure
is hosen to be a partile of the same type as those om-
prising the many-body system. The densities neα beome
equilibrium pair orrelation funtions.
How should the funtional F ({n}) be onstruted?
There is learly a part assoiated with an ideal gas, and
an energy due to the diret Coulomb interations. These
an be identied expliitly. In addition there are the more
diult parts due to exhange and orrelations. Conse-
quently, it has beome standard pratie to write the free
energy as
F [n] = F (0)({n}) + (50)
1
2
∑
α,σ
∫
drdr′Vασ(r− r′)nα(r)nσ(r′) + Fxc({n}),
where F (0)({n}) is the free energy for the non-interating
system, the seond term is the ontribution from the di-
ret Coulomb interation, and Fxc({n}) denotes the re-
maining ontributions due to interations from exhange
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and orrelations. Then the extremum ondition (49) be-
omes [44℄
V(0)α (r | {nσ}) = Vα (r) + (51)∑
σ
∫
drdr′Vασ(r− r′)nσ (r′) + δFxc ({n})
δnα (r)
,
with V(0)α (r | n) denoting the funtional (45) for the ideal
gas. Determination of this funtional is the entral issue
of the disussion here, and we will show that it is losely
related to the Kelbg potential analyzed in the bulk of this
paper.
The denition of the funtional V(0)α (r | n) is straight-
forward from the representation of the density for an ideal
Fermi gas in the external potentials
nα(r) = 〈r|
(
e
β
(
p2
2mα
+V̂α−µα
)
+ 1
)−1
|r〉 . (52)
This is a single partile problem. The right side is learly
a funtional of Vα through the dependene of the eigen-
values of
p2
2mα
+ V̂α on the form of the external poten-
tial. Interestingly, even at the level of the ideal gas de-
termination of this funtional is non-trivial. In the non-
degenerate limit this equation for the density beomes
nα (r)→ 〈r| e−β
(
p2
2mα
+V̂α−µα
)
|r〉 . (53)
If the external potential is hosen to be a Coulomb soure,
then (53) beomes equivalent to the diagonal elements of
the two partile density matrix in relative oordinates
whih has exatly the form of the pair distribution fun-
tion used to dene the eetive quantum pair potential,
f. Eq. (27).
One the exhange and orrelation free energy fun-
tional is speied (guessed), (51) provides a set of losed
lassial integral equations for the equilibrium densities.
As will be seen below, a leading approximation is the
usual Boltzmann-Poisson representation in terms of semi-
lassial potentials. The primary tehnial diulty in
this presription is the determination of V(0)α (r | n).
Kohn and Sham noted that (51) denes an eetive sin-
gle partile potential and therefore is formally equivalent
to the ideal gas in this eetive potential. Therefore, the
solution an be onstruted by solving the one partile
Shrödinger equation whose potential is the right side of
(51), and alulating the densities from the assoiated
form (52) self-onsistently
nα (r) = 〈r|
(
e
β
(
p2
2mα
+V̂α−µα
)
+ 1
)−1
|r〉
=
∑
i
(
eβ(ǫiα−µα) + 1
)−1
|ψi (r)|2 . (54)
This avoids the diult problem of nding the funtional
V(0)α (r | n) but at the ost of having to solve a set of self-
onsistent Shrödinger equations.
Consider instead an approximate evaluation of the po-
tential V(0)α (r | n) in terms of an eetive quantum po-
tential Uα(r) dened by
nα(r) ≡
∫
dp
(2pi~)3
(
e
β
(
p2
2mα
+Uα(r)−µα
)
+ 1
)−1
= 〈r|
(
e
β
(
p̂2
2mα
+V̂(0)α −µα
)
+ 1
)−1
|r〉 . (55)
The rst equality is similar to a nite temperature
Thomas-Fermi representation, with a loal hemial po-
tential given by µα (r) = µα − Uα(r). An important
dierene disussed below is that Uα(r) 6= Vα (r). The
funtional relationship of nα (r) to µα (r) and hene to
Uα(r) is that for an ideal gas and is well-known. The se-
ond equality of (55) denes the semi-lassial potential
Uα(r | V(0)α ) as a funtional of V(0)α . This relationship of
Uα(r | V(0)α ) to V(0)α is more diult to unfold. However,
it is straightforward to disover it for weak oupling of
the system to the perturbing potential. The analysis is
similar to the derivation of the Kelbg potential and will
not be repeated here. Formally make the replaement
V̂(0)α → λV̂(0)α in (55) with the orresponding dependene
on λ inherited by Uα(r). Then perform the expansion of
Uα(r) to rst order in λ, setting λ = 1 at the end, to get
[44℄
Uα(r)→
∫
dr′piα (r− r′)V(0)α (r′) (56)
where piα (r, r
′) is the well-known stati linear polariza-
tion funtion in random phase approximation,
piα (r) = (2pi)
−3
∫
dr eik·r piα (k) , (57)
piα (k) =
∂µα
∂nα
∫
dp
(2pi~)3
Fα(p− ~k)− Fα(p)
p2 − (p− ~k)2 , (58)
ontaining the Fermi distribution
Fα (p) =
(
e
β
(
p2
2mα
−µα
)
+ 1
)−1
. (59)
In this approximation, the funtional relationship be-
tween the density and the potential is now known
ni (r) ≡
∫
dp
(2pi~)3
(
e
β
(
p2
2mi
+
∫
dr′π(r−r′)V(0)i (r′)−µi
)
+ 1
)−1
(60)
Now it is straightforward to improve this results by sub-
stitution of (51) into the right side of (60) whih gives a
generalization of the Thomas-Fermi approximation to in-
lude strong oupling eets. However, even if Fxc ({n})
is negleted the result is the Thomas-Fermi approxima-
tion in terms of the potential
V α(r) =
∫
dr′piα (r− r′)Vα(r′) (61)
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rather than the bare potential Vα(r), whih has short
ranged divergenes for opposite harge interations. The
result here in terms of the nonloal eetive quantum
potential appears to be a new one that ures some of
the well-known problems of the loal approximation
Thomas-Fermi theory. As indiated below, V α(r) be-
omes just the Kelbg potential in the non-degenerate
limit. The result (60) with (51) is a non-linear integral
equation for the density, inluding both strong oupling
and degeneray eets. There is no longer any need to
solve the Kohn-Sham equations and the problem is one
of purely lassial analysis.
It is instrutive to onsider the non-degenerate limit.
In that ase the polarization funtion is evaluated using
F0 (p)→ e−β
(
p2
2mα
−µα
)
. Furthermore, Eq. (60) simplies
to
nα (r) = nαe
−βUα(r), (62)
V(0)α (r′) =
∫
dr′ pi−1α (r− r′)Uα (r′) . (63)
Use of these in the DFT equation (51) gives the losed
equation for the densities
ln
nα (r)
nα
= −βV α (r)− β
∑
σ
∫
drdr′ V ασ(r− r′)nσ (r′)
+
∫
dr′piα (r− r′) δFxc ({n})
δnα (r′)
. (64)
The potentials V α (r) and V ασ(r − r′) are regularized
by the polarization funtion, e.g.,
V α (r) =
∫
dr′piα (r− r′)Vα (r′) . (65)
It is possible to show [46℄ that in this non-degenerate
limit V α (r) is just the original Kelbg potential, Eq. (4).
Therefore, in the weak oupling limit where Fxc ({n}) an
be negleted (64) beomes the usual Boltzmann-Poisson
equation with eetive quantum potentials given by the
Kelbg potential (4).
In summary, DFT appliations an be performed in a
semi-lassial form without solving the Kohn-Sham equa-
tions by introduing eetive quantum potentials. This
an be done in a weak oupling approximation similar to
that rst desribed by Kelbg and yields a losed analyti-
al result (4). Based on the results of the above analysis,
it an be expeted that this approah an be extended
by inorporating as well eets of degeneray by using
for the density Eq. (52) instead of (62). Furthermore by
using improved quantum pair potentials  along the lines
of the improved Kelbg potentials disussed in the previ-
ous setions  an aurate treatment of the pair problem
is ahieved laying the foundation for advaning DFT to
the regime of strong oupling.
VII. CONCLUSION
In this work we presented an analysis of generalized
quantum pair potentials. Extending the work of Kelbg
and others we investigated in detail eetive o-diagonal
and diagonal quantum pair potentials for a orrelated hy-
drogen plasma inluding spin eets. We studied the
auray of these potentials by an extensive omparison
with the exat solutions of the Bloh equation. Further,
we proeeded to an analysis of improved diagonal quan-
tum pair potentials by orreting the value of the Kelbg
potential at zero partile separation. Exellent agree-
ment with the exat solutions of the two-partile Bloh
equations ould be ahieved with the help of a single
temperature-dependent t parameter for whih an au-
rate analytial Padé formula was presented. This lead
to signiantly improved diagonal pair potentials om-
pared to the original Kelbg potential. Moreover, these
potentials are expliitly spin-dependent and retain the
advantage of a losed analytial expression.
These potentials have been applied in path integral
Monte Carlo and semilassial moleular dynamis sim-
ulations of dense hydrogen and were found to give au-
rate results over a wide range of parameters. One im-
portant onlusion, of relevane to PIMC simulations,
is that the o-diagonal potential gives essentially more
aurate results (or more rapid onvergene) than its di-
agonal limit, quantitative estimates have been provided.
Furthermore, we have demonstrated that the spin-
dependent improved diagonal potentials are of high use
for semilassial moleular dynamis simulations of par-
tially ionized plasmas. Our analysis revealed that with
these potentials one an suessfully simulate dense hy-
drogen up to moderate oupling and degeneray, from the
fully ionized to the partially ionized regime. The present
potentials allow us to orretly model dense plasmas up
to temperatures as low as the moleular binding energy.
Further improvements are possible, inluding the desrip-
tion of moleular hydrogen, but they require to inlude
three-partile and four-partile orrelations and exhange
eets beyond the two-partile level.
Finally an intimate relation of the quantum potentials
to density funtional theory has been explored whih al-
lows for DFT alulations without the need to solve the
Kohn-Sham equations.
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